The Betz law [1, 2, 3] places limits on the amount of energy that can be extracted from an incident column of air with a fixed cross sectional area. Some energy is extracted from the column of air, and then the air continues beyond the turbine. This manuscript extends the original Betz Law derivation to a "multi-turbine" approach. It begins with a review of the original derivation in Section 1 and then generalizes to an N > 1 turbine system in Section 2.
Consider a column of air, with density ρ, moving at velocity v 1 incident on a turbine with cross sectional area A, as shown in Figure 1 . Since the wind is moving horizontally, the potential energy is more or less constant throughout the wind column and the entirety of the energy is given by kinetic energy, KE = 1 2 mv 2 . The power at a specific point of the constant velocity column is then given by: By mass flow conservation, the flux of mass must be the same for all cross sections of the column. Therefore the power that is extracted by the turbine (without any additional losses) is
Another way we can consider the power into the turbine is from the derivative of the force on the turbine from the incident wind. Consider a test volume with width, ∆x, at the turbine. Then the force performed in that test volume is:
Where ∆t is the amount of time it takes for the mass, m, to flow through the volume. The subscripts for the derivatives help to highlight that mass and velocity derivative are taken over the entire test volume.
Next we use the fundamental relation for work (energy) extracted from a (constant) force through this test volume.
So that the power is the energy extracted over a time interval, ∆t:
Equating equations 1 and 3, allows one to derive an expression for the velocity of the wind speed at the turbine:
Now note that the column of air flowing through the turbine has a mass flow of:
Where v and A are the instantaneous velocity and cross section. Note that this derivation assumes that air is incompressible and so we do not allow for the density, ρ to change (this would involve additional energy losses that go into the compression/expansion of air). Combining equations 1, 4 and 5 we produce an expression for the turbine power (without any losses):
Dividing this power by the input power,
, yields the efficiency of a single turbine:
Maximizing η with respect to the ratio
⇒ R 2 = 1 3 Therefore the ratio R 2 = v 2 /v 1 which maximizes the efficiency of the turbine is 1/3, yielding an efficiency of 59.2%. This is the traditional Betz law limit [1] .
Getting more out of the wind
Now we consider additional turbines behind the original turbine in order to calculate the excess energy which may be extracted from the original incident wind column. This relies on using a larger rotor downwind, to account for the expanded wind column. Since the original Betz law focuses on a fixed swept area, this extension for multiple turbines does not contradict the original formulation by Betz.
Two Turbines
A wind column which is incident on a first turbine expands to a large cross section size, A II . It then proceeds through a second turbine with the same cross section.
As illustrated in Figure 2 , consider an incident wind velocity v 1 into the first turbine with cross sectional area A I , yielding a column of air that expands and has velocity v 2 . This column of air is then incident on a second turbine with cross sectional area A II (equal to the cross sectional area of the expanded column of air). Once the wind column moves through the second turbine, it has a final velocity v 3 .
Isolating attention to a single turbine within this multi-turbine system, the derivation for the power extracted without any losses is equivalent to the original Betz law, as outlined in Section 1, assuming that one considers the velocity and cross section from the upwind column of air with the downwind velocity immediately after the turbine. Using the original derivation for each turbine, we therefore have:
Lossless Power into turbine 1:
Lossless Power into turbine 2:
3 ) Note that besides the velocity indices changing, we are also now changing the indices of the cross section at each turbine. The total power for the combined system is then:
Where
is the j th outgoing velocity relative to the incident velocity. Dividing by the incident power yields an overall efficiency for the two-turbine system of:
Equation 6 can be further simplified by considering the constraint of constant mass flow throughout the wind column:
Resulting in:
This is minimized by setting (dη 2 turbines /dR 2 ) = 0 and solving for R 2 in terms of R 3 , then requiring that (dη 2 turbines /dR 3 ) = 0. This yields a maximum efficiency of 72.7% with a ratio of R 2 ≈ 0.64 and R 3 ≈ 0.21. Shown in Figure 3 is a heat map of the efficiency for a two turbine system for a range of R 2 and R 3 values. Note that since v 1 > v 2 > v 3 is a requirement of positive power extraction, it must be that R 2 > R 3 . It is interesting to note that if you isolate your attention to the final wind turbine for the case of maximum efficiency, the ratio of final to incident velocity is v 3 /v 2 = R 3 /R 2 = 1/3, recovering the Betz law limit for the final turbine, as we would expect.
Many (> 2) Turbines
Generalizing upon the approach of Section 2.1, it is straightforward to see that an N-turbine system would have an overall efficiency of:
The general equation for the R j th derivative term is then (for 2 ≤ j ≤ N ):
and for j = N + 1:
Notice that given a ratio of R j and R j+1 , call it U j = R j+1 /R j , it is possible to calculate R j−1 by setting Equation 8 to zero and solving for R j−1 , resulting in:
If one begins with the known fact that R N +1 /R N = 1/3 (Equation 9) then they can use equation 10 to compute R N −1 . This process is repeated until R 1 = 1 is reached, at which point a solution for all ratios is reached. This defines an iterative process for solving for the maximum rate of power extraction of an arbitrary N-turbine system. This process was calculated for up to 25 turbines and Figure 4 shows the maximum theoretical rate of power extraction from a column of air approaching 97% with a 25-turbine system. Figure 5 displays the resulting optimal ratios of velocities for each of the 25 turbines. It is interesting to note that the final relative ratios of velocities are monotonically decreasing as the number of turbines increases. This corresponds to a large increase in the cross sectional area of the downwind turbines, since A j /A I = 1/R j (Equation 7). For just the two turbine system, R 2 = 0.64, so that the cross section of the second turbine must be 55% larger than the cross section of the first turbine, while for the 25 turbine system the final turbine must be 12× the cross section of the first turbine.
Conclusion
This manuscript has illustrated the extension of the original Betz limit for the maximum efficiency of a single wind turbine to a system with multiple turbines. Since the original formulation of Betz's law was based on a fixed swept area, this extension does not negate the original derivation. The authors would like to acknowledge that there is little practical utility for this extended turbine approach, as several unrealistic assumptions are intrinsic to this derivation -such as the requirement for constant momentum of the air column after proceeding through the turbine or the requirement that the density of air remains unchanged throughout the system. Moreover, implementing a multi-turbine system to extract additional power out of one moving column of air is likely infeasible from a cost perspective. Regardless, this extension of the original derivation remains an intriguing thought experiment. 
